New local "hybrid" functionals proposed by V. V. Karasiev in [J. Chem. Phys. 118, 8567 (2003)] are benchmarked against nonlocal hybrid functionals. Their performance is tested on the total and high occupied orbital energies, as well as the electric moments of selected diatomic molecules. The new functionals, along with the Hartree-Fock and non-hybrid functionals, are employed for finitedifference calculations, which are basis-independent. Basis set errors in the total energy and electric moments are calculated for the 6-311G, 6-311G++G(3df,3pd) and AUG-cc-pVnZ (n=3,4,6) basis sets used in conjunction with the Hartree-Fock and conventional density functional methods. A comparison between the results of the finite-difference local "hybrid" and basis set nonlocal hybrid functional shows that total energies of local and nonlocal hybrid functionals agree to within the basis set error. Discrepancies for multipole moments are larger in magnitude when compared to the basis set errors, but still reasonably small (smaller than errors produced by the 6-311G basis set). Thus, we recommend using the new local "hybrid" functionals whenever the accuracy is expected to be sufficient, because they require a solution of just differential Kohn-Sham equations, instead of integro-differential ones in the case of hybrid functionals.
I. INTRODUCTION
The investigation of electronic structure by means of theory represents an important and highly active area of research. Calculations of electronic structures are frequently performed by means of the density functional theory (DFT).
1-4 DFT in the form of the Kohn-Sham (KS) method provides an approach to treat the Schrödinger equation within an exact formalism that bypasses numerically prohibitive calculations based on many-electron wavefunctions. Within DFT, exchange and correlation effects are accounted for by means of energy functionals of the electron density -the exchange-correlation functionals, and their functional derivatives with respect to the electron densitythe exchange-correlation potentials. These functionals are approximated in standard DFT methods.
Hybrid functionals which combine the nonlocal Hartree-Fock exchange with local KS exchange-correlation potentials provide a significant improvement over conventional DFT approaches with respect to binding energies and other properties. Unfortunately, such hybrid methods no longer fit the framework of the DFT formalism due to presence of a non-multiplicative operator in corersponding one-electron equations. Moreover, the incorporation of a nonlocal Hartee-Fock exchange operator, defined by its action on a particular electron orbital aŝ δ(σ i , σ j )ψ j (r) ψ *
converts the system of differential KS-DFT equations into a system of integro-differential ones. The solution of such a system of integro-differential equations is more tedious procedure compared to a solution of KS-DFT equations with local multiplicative potential, which is the same for all KS orbitals. E HF x in Eq. (1) is the exact exchange energy (the exchange energy of KS determinant) defined by the Hartree-Fock expression:
To alleviate the non-locality of the HF exchange operator, the exact-expression approximate exchange (EEAX) methods were developed. They all share the following common properties:
5 (i) the exchange energy expression is the exact one defined by Eq. (2), and (ii) corresponding exchange potential is a local, multiplicative operator. Among the first EEAX approximations, we should mention method introduced by Krieger, Li, and Iafrate (KLI), 6 the localized Hartree-Fock (LHF) method and the common energy denominator approach (CEDA) introduced by Görling 7 and Gritsenko and Baerends 8 respectively. Later, self-consistent α (SCα) [9] [10] [11] and asymptotically-adjusted self-consistent α (AASCα)
12 local exchange functionals were developed. Since the exchange energy in all of these methods is the exact one, defined by Eq. (2), the self-interaction error is eliminated, while multiplicative (or local in that sense) exchange potential guarantees that these methods are fully in the framework of DFT formalism. Another important aspect is that the EEAX methods satisfy the Levy-Perdew virial relation.
13,14
A solution to the problem of non-local operator in hybrid functionals was proposed and implemented for the first time in Ref.
5 , when new local "hybrid" exchange-correlation functionals obtained by replacement of the nonlocal Hartree-Fock (HF) exchange in conventional hybrid models by one of the EEAX methods (the SCα and the AASCα approximations are used in Ref. 5 ). Such functionals are fully within the framework of DFT formalism because the functional derivative of EEAX functionals w.r.t. electronic density is a local multiplicative potential. From the computational point of view, the local "hybrid" functionals can be viewed as more efficient alternative to the conventional hybrid methods.
The same scheme was later used to constract local "hybrid" functionals based on replacement the HF exchange in non-local hybrids by the LHF approximation with local exchange potential.
15-17
A comparison between non-local and local hybrids based on the SCα and AASCα methods which has involved total and HOMO energies, vibrational frequencies and bond lengths was made for diatomic molecules in Ref.
5 . The comparison of other properties, in particular electric moments can afford a more detailed measure of the closeness of local and nonlocal hybrid functional performance.
In the present work we apply the local "hybrid" functionals introduced in 5 for finite-difference (FD) calculations of total and HOMO energies, and dipole and quadrupole electric moments for selected diatomic molecules. To compare the local "hybrid" functional results with corresponding nonlocal hybrid calculations, for which the basis set (BS) technique is used, an estimate of basis set error (BSE) for each magnitude compared is needed. For this purpose BSEs are calculated as the difference between the FD and BS results for the HF and conventional DFT exchange-correlation functionals.
In Sec. II the local "hybrid" functionals used in calculations are introduced and definitions of the calculated quantities are established. Numerical results are discussed in Sec. III. In Sec. III A the BSEs for total energy and electric moments of standard basis sets available in GAUSSIAN package 18, 19 are presented. Local "hybrid" functional self-consistent results for total energy, multipole moments and one-electron energies are compared to the values obtained from calculations with nonlocal ones in Sec. III B. Finally, our conclusions are presented in Sec. IV.
II. METHOD

Two nonlocal hybrid functionals, PBE0
20 based on the Perdew-Burke-Ernzerhof (PBE) DFT exchange-correlation functional, 21 and one parameter Becke-Lee-Yang and Parr hybrid, B1LYP, 22-25 are used to construct local "hybrids". The nonlocal HF exchange in these non-local hybrids was replaced by one of the EEAX term. First, by SCα-PBE and SCα-B88 functionals respectively (see Ref.
11 for details), and second, by AASCα exchange (AA-m2 model from Ref.
12 ). For example, local SC-B1LYP "hybrid" obtained from non-local B1LYP functional by replacement of the non-local exchange term by the local SCα-B88 functional has the following form
exchange functional is exact one defined by Eq. (2), while exchange-correlation potential corresponding to functional of Eq. (3) is a local multiplicative operator
where potential v SCα−B88 x is defined in Ref. 11 . On the whole, four local "hybrids", SC-PBE0, AAm2-PBE0 and SC-B1LYP, AAm2-B1LYP were employed for numerical calculations of total and HOMO energies and electric moments of selected diatomic molecules.
The multipole moments were calculated according to the following definition (see Refs. 26, 27 ). Equation for the independent component for each electric moment for a system with axial symmetry
where P k are Legendre polynomials of degree k, was used in finite-difference code to calculate the first two moments
and
The multipole moments were determined from the basis set calculations,
They can be related to components of Eqs. (5)-(6) evaluated by the FD code (see Ref. 27 ):
Relations for higher moments can be found in Ref. 27 . In Eqs. (5), (8)- (9), Z A is the charge of nucleus A and R α 's are its Cartesian coordinates and r α 's are (x, y, z) coordinates.
The moments M (1) and M (2) in finite-difference calculations and µ z , Θ zz in basis set calculations were determined with respect to the molecular center of mass (GAUSSIAN keyword Symmetry=CenterOfMass).
III. RESULTS AND DISCUSSION
A. Basis set error for the HF and DFT methods Local "hybrid" exchange-correlation functionals discussed in the present work have been implemented in the spinrestricted FD full-numerical program by Kobus, Laaksonen and Sundholm, 28 while the non-local hybrid functional calculations were performed using basis set based GAUSSIAN package. 18, 19 The accuracy achieved in FD calculations is about few µHartree. The error of basis set truncation is usually higher.
On Figure 1 the total energies of finite-difference calculations for the HF method and for the PBE and BLYP functional DFT calculations are presented. These values are compared to the basis set results for different basis sets. Corresponding BSEs defined as difference between FD and BS total energies are plotted. As one would expect, these values, due to the variational principle, are always positive (a numerical error of the FD code is smaller than the basis set truncation error). Values corresponding to the 6-311G basis set are quite similar for the HF and DFT methods and they are relatively small for the H 2 and BH molecules (an order of 0.005-0.01 Hartrees). These errors increase for other systems up to 0.05-0.1 Hartrees. Augmentation of 6-311G basis with polarization and diffuse functions decreases 
a BSE stands for basis set error for orbital energy estimated by difference
an error by the factor of 2 to 10 for the molecules presented on Figure 1 (factor of 2 for the F 2 molecule and factor of 10 for the CN − , CO, NO + and N 2 systems). Finally, the BSEs of the largest AUG-cc-pV6Z basis sets are in fourth decimal place in most cases (with few exceptions, where the value is smaller). The AUG-cc-pV6Z basis set error in DFT calculations for the HCl molecule is larger (0.0012 Hartrees).
As one can see from the Figure 1 , the errors in HF method is smaller than the errors in DFT calculations when the AUG-cc-pV(T,Q,6)Z basis sets are employed.
The errors introduced by incomplete basis set in one-electron orbital energies are presented in Table I for CO molecule as an example. The BSEs for the 6-311G basis are in third or in second decimal place. The addition of polarization and diffuse functions decrease these errors significantly. The AUG-cc-pV6Z basis set provides practically exact values to within four decimal places.
Convergence of the dipole moment values with the basis set (and corresponding BSEs) for three molecules, CO, BF and NO + , are shown in Table II . The basis set error decreases very fast with increasing the basis set size. For the largest available basis set the moments are reproduced quantitatively within four decimal places. The same trends are observed for the quadrupole moment values, shown in Table III . The convergence is fast for all the molecules presented in Table III . The error for the largest basis set employed (AUG-cc-pV6Z) is in fourth decimal.
In Table IV . Here we should emphasize that the numerical errors of the finite-difference code for the multipole moments are in the order of 1 · 10 −6 D for the dipole moment µ and in the order of 1 · 10 −7 DÅ for the quadrupole moment Θ. These values are much smaller than differences presented in Table IV which, consequently, can be considered as basis set errors corresponding to the multipole moments µ and Θ. A different trend is observed for the electric multipole moment calculations. Values of ∆ which correpond to difference between non-local hybrids and local functional values are approximately one order of magnitude larger than corresponding values of BSE. For example, the average BSE value of BLYP functional for dipole moment is 0.0010 D, the average absolute values of ∆ for the SC-B1LYP and AAm2-B1LYP functionals (i.e. average absolute differences between dipole moment values corresponding to the non-local B1LYP hybrid and to the local "hybrid" functionals) are much larger (0.0753 D for the SC-B1LYP and 0.0366 D for the AAm2-B1LYP). Dipole moment mean absolute error (MAE) of local "hybrid" functionals based on the asymptotically-adjusted potential (AAm2-PBE0 and AAm2-B1LYP) is about twice smaller as compared to the functionals based on the self-consistent α method (SC-PBE0 and SC-B1LYP). This could be explained by the fact that the AAm2 model for the exchange potential much better mimics the non-local behavior of the non-local Hartree-Fock exchange, that appears in conventional hybrids (see details in 5, 11, 12 ). In spite of fact that values of ∆ for multipole moments are larger than corresponding BSE values, the relative discrepancies between local and non-local hybrid functional values are reasonably small (order of few percents for both dipole and quadrupole moments) , with exceptions for CN − , CO and NO + dipole moment calculations when SC-PBE0 and SC-B1LYP local functionals are used (when the relative error is between 10-60 %). Comparing MAE from Tables VI and VII with BSE from Tables II and III respectively, we conclude that the finite-difference method combined with local "hybrid" functional produces dipole and quadrupole moments with better accuracy, than the corresponding non-local hybrid functional does in combination with the 6-311G basis set and worse than that with 6-311++G**. One-electron energies corresponding to the six molecular orbitals of the CO molecule obtained from the local and nonlocal hybrids are presented in Table VIII . The values for the 1σ and 2σ inner orbitals coincide for local and nonlocal methods within two significant figures (corresponding differences are about 2-4 % of orbital energy value). For the 1π and 5σ outer orbitals the local functionals AAm2-PBE0 and AAm2-B1LYP yield values quite close to those of the nonlocal hybrid methods (corresponding differences are about 2% for the 1π and smaller than 1% for the HOMO energy value). Whereas the SCα based local "hybrid" functional one-electron energies differ in second significant figure (corresponding differences are about 16% of orbital energy magnitude).
The fact that the HOMO energies obtained from the AAm2-based local "hybrid" functional calculations are quite close to those of the original nonlocal ones is explained by correct asymptotic form (−1/r) of the AAm2 exchange potential, whereas SCα exchange potential has an asymptotic behavior similar to the corresponding DFT functional (PBE and B88 exchange potentials in our case) (see Ref.
5 for details). 
IV. CONCLUSIONS
Local "hybrid" functionals obtained by replacement of non-local Hartree-Fock exchange in conventional hybrids by local EEAX demonstrate the performance close to the original non-local hybrids. Expression for the total energy is the same in both cases (local and non-local hybrids), while the corresponding KS potential for local hybrids is fully local and multiplicative operator that brings back the local hybrids in the framework of density functional theory. In the present work the local "hybrid" functional results, total energies, orbital energies, dipole and quadrupole moments were compared to conventional hybrid functional values for selected diatomic molecules. The total energies were found to coincide for both type of functionals within the basis set error values. Multipole moments provide detailed information about spatial distribution of electron density. Due to sensitivity of these moments to the details of DFT calculation (functional employed, basis set, etc.), the discrepancies between the local and non-local hybrid functional results are much larger than corresponding basis set errors. The typical percentage error is usually less than 10% with a few exceptions. Hence the local "hybrid" functionals represent a computationally less expensive alternative to the non-local hybrids in framework of DFT and provide a local multiplicative exchange-correlation potential. Properties related to total and orbital energies, and density distributions obtained by local functionals were found in good agreement with those from the original non-local hybrids. 
